Wave Equation- Model Questions

1. Let u(x,t) satisfy the wave equation

Ut — Uzy =0 T € (0,2m),t >0
u(z,0) = e™®

for some w € R. Then

(b) U(:Z?,t) — 6iwm efiwt

twt —iwt
; +
(©) u(z,t) = e“® %

wt —iwt
(@) ulw,t) = eior

Solutions: a,b,c,d

2. Let u be the solution of the wave equation

Ut — Uz =0 (z,t) € R x (0,00)
u(z,0) =f(z) zeR
w(r,0)  =g(@) zeR

Suppose that f(z) = g(x) =0 for all « ¢ [0, 1]. Then,

(a) u(x,t) =0 for all (z,t) € (—00,0) x (0,00)
(b) u(x,t) =0 for all (z,t) € (1, ) (0, 00)
(¢) u(x,t) =0 for all (z,t) such that v+t <0
(d) u(x,t) =0 for all (x,t) such that x —¢ > 1

Solutions: c,d

3. Consider the wave equation

Ut — Ugy =0 (Iat) € R x (0700)
u(z,0) =f(z) z€R
u(z,0)  =g(x) zeR

Let u; be the solution of the above problem with f; and g; for 1,2, where f;,g; : R — R are
given C? functions satisfying fi(z) = fo(z) and g;(z) = g2(z), for every x € [—1,1]. Which
of the following statements are necessarily true 7

(a) u1(0,1) = u2(0,1)
(b) u1(1,1) = ua(1,1)
(€) ui(3,3) = ua(3, 3)
(d) u1(0,2) = u(0,2)



Solutions: a,c
. Let u be the solution of the Cauchy problem

utt_c2umw:07x€Rat>07
u(z,0) = z|z|, ue(x,0) = |z|, z € R

in the upper-half plane {(z,t) : € R, t > 0}, excluding the lines © = +ct. Let ¢t > 0 . Then
the following limits :

lim Uz (Y, S), lim Ugrz (Y, S
(y78):>£—tct7t) ) (y,S)?S—tctyt) )

are, respectively

(a) =2, ¢
(b) —2, c?
(¢) =2, 1/c
(d) -2, 1/c2

Solutions: c
. Let u be the solution of the Cauchy problem

Use — gy =0, x €R, t >0,
u(z,0) = z|z|, ue(z,0) = |z|, z € R

in the upper-half plane {(z,t) : z € R, ¢t > 0}, excluding the lines x = £ct. Let ¢ > 0 . Then
the following limits :

lim  ug.(y,s), lim U (y,s
(y,szl?c(tct,t) (y ) (y,sl;:(tct,t) (y )

are, respectively
(a) ¢, 2
(b) 2, 2
(c) 1/e, 2

(d) 1/c%, 2
Solutions: ¢

. Consider the Cauchy problem

utt*62umr:0, IGR,t>O,
u(z,0) = uo(x), u(z,0) = uy(z), € R,

where ug is a C? function and u; is a C* function satisfying

o ua(x)
=ap and 1 =b
o an \z|li>noo |(E|a_1 0

()

|z] =00 |£L'|O‘

for some a > 0. Then the limit tlim w equals
—00



a) ¢ Y(cap + aby)

(a)

(b) ¢ (ag + bo)

(c) ¢ (cao + aby)

( ) (Ca() + E)

Solutions: d

. If u is the solution of the IVP

Ut — Ugpe = 6, x ER, >0,
u(z,0) = 22, u(z,0) = 4z, € R,

then (0, 2) equals

(a) 16
(b) 20
(c) 8
(d) 1

Solutions: a

. Let v : R = R be a continuous function and ¢ : R?> — R be a C? function such that ¢
and all its derivatives up to the second order vanish outside the compact set [a,b] X [¢,d] in
R2. Put u(z,t) = v(z + ct), where ¢ > 0 is a constant. The value of the double integral

ff w(w,t)(pr — prg) drdt is

(c

d) Does not depends on ¢

(a) 0
(b) 1

) Depends on ¢
(

Solutions: a,d

. Consider the PDE

Utt — Ugx = 0
u(m,t) = f((E), Ut(.’ﬂ,O) = g(l’)

Let A, B,C, D be the coordinates of a characteristic parallelogram(with A and C diagonally
opposite). Then which of the following are possible coordinates ?

(a) A=(1,0),B=(2,1),C =(1,2),D = (0,1)
(b) A=(1,0),B = (1,1),C =(1,2),D = (0,1)
() A=(3.3),B=(21.C=(12),D=(33)
(d) A= (2,1),B=(2,1),C =(1,2),D = (3, %)

Solutions: a,c



10. Let u be the solution of the PDE
Uy — Uz = 0
u(z,t) = f(z), uw(z,0) = g(x)
such that u($,0) = 1,u(0, 3) = 2,u(1, 1) = 3. Then which of the following are true ?

(a) The value u(1,
(b) The value u(
(¢) The value u(
(d) The value u(

1) can be uniquely determined and u(1,1) = 4
1,1) can be uniquely determined and u(1,1) =
1
29
1
2

1) can be uniquely determined and u(3,1) =
,1) can be uniquely determined and u(%

1) =
Solution: c

11. Consider the PDE
Ut — Ugy = 0

u($7t> = f(.’);‘), ut(xv()) = g(x) ’
Which of the following points belongs to the domain of dependence of (1,1).

(a) (1,0)

(b) {(z,0):z € (0,1)}
(c) {(z,0):z€(1,2)}
(d) {(z,0):z € (-1,1)}

Solution: a,b,c

12. Consider the PDE
Ut — Ugg = 0

u(xvt) = f(l')v ut(x’o) = g(x) ’
Which of the following points belongs to the range of influence of (1,0).

(a) {(a:,t)eRQ V@ —1) —|—(t—1)2<1}
(b) {(m,t)eR2 V@ 1) —|—(t—1)2<%}
(©) {(x,t)€R2 JE@ 12+ (t71)2<%}
(@) {(@,) eR*:t=F,2€(5.5)}

Solutions: b,c,d

13. Consider the PDE
Ut — =0

(w,t) f(ﬂf)7 u(z,0) = g(x)
Let E(t) be the energy function. Then which of the following are true

(a) E(t) < E(0).
(b) FE is strictly increasing.
(¢) E is strictly decreasing.

(d) E is a constant.

Solution: a,d



