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Instructions: Answer ALL Questions.

Q.1. Discuss the convergence or divergence of the following series, providing a clear proof
for each.

(a) niln (1 + %)
(b) iln (1 + %)

Hint:

3

— Recall the Taylor expansion for In(1 + z): In(l +z) =z — % +5—...

— For question (a), think about the sequence of partial sums (Sy).

— For question (b), use the Mean Value Theorem for the natural logarithm on
[1,1+ z] and try to apply the Comparison Test.

Q.2. If {z,} and {y,} are sequences of real numbers, which of the following is/are true?

e limsup(z, + y,) < limsup z, + limsup y,
e limsup(z, + y,) > limsup x,, + limsupy,
e liminf(z, + y,) < liminf 2, + liminf y,

e liminf(z, + y,) > liminf z,, + liminf y,

Hint: Definitions

— limsupa, = limy_, (sup{a, : n > k})
— liminfa, = limy_, (inf{a, : n > k})
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(Also recall the relationship between lim inf a,, and — lim sup(—a,,).)

Q.3. Let p(z) be a polynomial in the real variable = of degree 5. Then lim p(:) i

n—oo

1.5
2.1
3.0

4. o0

Hint:

— Binomial Expansion : (a+b)" = > 7_; (})a"b"™* (n is positive integer) for the
expansion of 2"

Q.4. The limit

1. does not exist.
2. is infinite.
3. exists and equals 1.

4. exists and equals 0.

Hint:

— The Taylor expansion of e* around u =01is e* =1+ u + 1;—? +....




