Topics in Analysis Notes DMS KU - AVP

Basic Measure Theory Problem Sheet
Jan - Jun 2026 Anoop V. P.

1. Let f:[0,1] — R be defined as follows:

f(x):{() ifreQ

1 otherwise

Then, which of the following are correct?

(A
(B
(
(

) f is not Riemann integrable
) f

C) Limit of upper sums of f is one
)

is Riemann integrable

D

Limit of lower sums of f is zero

2. Let A,,n = 1,2,3,... be a sequence of subsets of a set X. Define limsup 4, =
Mo~ Ure,, Ak. Then, which of the following are always true?
(A) limsup A, = {x € X : € Ay for infinitely many £}
(B) limsup A, = {x € X : x € A only for finitely many k}
(C) limsup A, = {x € X : x € A Vk}
(D) limsup A, = {z € X : z € Ay, for all but finitely many k}
3. Let A,,n = 1,2,3,... be a sequence of subsets of a set X. Define liminf A, =
Uo—, Nie,, Ak. Then, which of the following are always true?
(A) liminf A, = {x € X : € A for infinitely many k}
(B) liminf A, = {x € X : x € A only for finitely many £}
(C) liminf A, = {z € X : x € AVk}
(D) liminf A,, = {z € X : z € A, for all but finitely many &k}

4. Let X be a set and let A, B be proper distinct subsets of X. Consider the sequence

of sets
A — A if nis even
"1 B ifnisodd

Which of the following are correct?

(A) limsup A, = AUB
(B) limsup A, =ANB
(C) liminf A, = AUB
(D) liminf A, = ANB
5. Which of the following are true?

(A) Qe B(R)
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10.

11.

(B) {z:0 <z <1 and z is irrational } € B(R)
(C) For a < b, [a,b) € B(R)

(D) [0,1] x [0,1] € B(R?)

Which of the following are true?

A) {(z,0): 2 € R} € B(R?)

B) {(z,z): x € R} € B(R?)

C) {(z,y) :y =2 + 2,2 € R} € B(R?)

D) A x {0} € B(R?) for any finite set A C R.

T
T

(
(
(
(

Which of the following are true?

(A) B(R™) is generated by open balls of rational radii

(B) B(R™) is generated by closed balls of rational radii
(C) B(
(D) B(

C
D) B(R) is generated by {[a,b) : a,b € Q}

R™) is generated by singletons

Which of the following are o—algebras?

(A) {ACR: Ais countable or A¢ is countable}
(B) {A CR: Ais finite or A° is finite}

(C) {ACR: Ais a closed interval }
(D) {A:Ac[0,1] and A € B(R)}

Which of the following definitions give a measure on B(R)?

(A) u(A) = number of rationals in A

(B) u(A)=1if 1 € A and 0 otherwise

(C) u(A) = number of rationals in AN [0, 1]
(D) p(A) = number of rationals in A¢

Let n > 1 and let X = {1,2,...,n}. Let F be the powerset of X and u the counting
measure on F. If f: X — R, then which of the following are true?

(A) fX fdp = EkeX f(k)
(B) [y fdu=f(1)
(C> fx fdp=20

(D) Jx fdu=2f(1)

Let X =R, F ={A CR | Ais countable or A° is countable}. Let pu(A) =1 if A¢is
countable and 0 if A is countable. Let f : (X, F, ) — R be measurable. Which of
the following are always true?

(A) f is constant ae.(u)

(B) f is a non-constant continuous function

2
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12.

13.

14.

15.

16.

(C) f is a non constant polynomial

(D) f(z)=0Vz e R

Let (X, F,pu) be a measure space and let E' be a proper subset of X, F € F and
0 < u(E) < u(X). Let f, = xg if nis odd and 1 — xg if n is even. Which of the
following are true?

(A) [y liminf f,dp < liminf [, f.du

(B) [y liminf f,du = liminf [, f.du

(C) [ylimsup fodu < limsup [ fndp

(D) [y limsup fodu = limsup [, frdp

Consider the space N with power set sigma algebra and counting measure p. Let

f N — R be measurable and zero ae(y). Which of the following are always true?
(A) f(n)=0¥neN

(B) (1) 0, f(n) = 0¥n > 1

(C) f(n) =0 except for finitely many n € N

(D) f(n) =0 only when n is a prime number

Let X be a non empty set and A C X be a proper subset. Consider the sigma algebra
F={0,X,A,A}. Let f: (X,F) — R be measurable. Which of the following are

always true?

(A) f = axa+ Bxac for some o, f € R
(B) f = axa for some a € R

(C) f= BXAL for some f € R

(D) f

Let (X,F,u) be a measure space. Let A, € F such that Ay C Ay C ... and
Ux A, = X. Let f: (X, F,u) — R be a measurable function and f(x) > 0 ae(u).
Which of the following are always true?

fxa, T [ ae

Ja, faut [y fdu

Ja, fapd [y fdu

fxa, L f

Let (X, F,u) be a probability measure space (u(X) = 1). Let {A,} be a sequence
in F. Which of the following are true?

(A
(B
(C
(

)
)
)
D)

(A) p(limsup A,,) > limsup pu(A4,)
(B) p(limsup A,,) < limsup p(A,)
(C) p(liminf A,,) > liminf p(A,)
(D) p(liminf A,) < liminf u(A,)
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17.

18.

19.

20.

21.

22.

23.

Let (X, F, ) be a measure space. Let f, : X — R be measurable, A = {x € X |
lim f,,(x) exists}. Then,

(A) Ae F
(B) A=10
(C) A=X
(D) Ace F

Let (X, F,u) be a measure space and A, € F. Suppose pu(X) =1, u(4,) < oo
Then which of the following are true?

(A) p(limsup A,) =0
(B) p(liminf A,) =0
(C) p(limsup A,) =1
(D) p(liminf A4,) =1

(X, F, i) be a probability measure space. Suppose f, : X — R are measurable and
< 1 ae(u)Vn. Suppose f, — 1 ae(p). Then,

Let (X, F, u) be a measure space and A,, € F such that u(A,) = 0Vn. Which of the
following are true?

A
B
C
D

(Un2
(Un2
(Un2

21 An)
21 An)
1 An)
)>

(A) p
(B) p
(C) p
(D) p(U3

Let F' be a countable subset of R then m,(F') equals:

(A) O
(B) o

(C) any positive number
Which of the following are correct?

(A) Any countable set is measurable
(B) Any open set is measurable

(C) The set {x € R: |e"sinz| > 1} is measurable
Which of the following sets are Borel sets?

(A) The subset of [0, 1] whose decimal expansions starts with 2

4
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24.

25.

26.

27.

28.

29.

30.

31.

(B) Subsets of R whose complements are countable
The outer measure of the set {0} x [—1,1] C R? is:
(A) 0

(B) 1

(C) 2

Let E C R™ be an unbounded set.

(A) Outer measure of E is infinity
(B) Outer measure of E' is positive, but need not be infinity always

(C) There are unbounded sets whose outer measure is zero

Let £ C R™ be such that m,(F) = 0. Let O,, be the open set O, = {y € R" :
d(y, E) < 3}

(A) m.(O,) = co always

(B) m.(O,,) is finite always

(C) m.(O,,) is positive always

Let E C R™ be such that m,(E) = 0 and O,, as defined above. Then the statement
m«(Op) — 0 is:

(A) True always

(B) True if E is closed

(C) True if E is bounded

Let E C R"” and # € R". Define F+x = {y+x : y € E}. Suppose m.(E) = 0.
Which are correct?

(A) m.(E+2x)=0.

(B) E + z is measurable

(C) E + x need not be measurable

Let A, = {n} x [-n,n] CR%L If A=A, then:
(A) m,(A)=0

(B) m.(A) =0

(C) 0 <m(A) < o0

Let A = [0, 1]. Which of the following are correct?

(A) m.(A) =inf{m.(0O): A C O,0 open}
(B) m.(A) =sup{m.(K): K C A, K compact}

Let A be a subset of [0,1] and m denote Lebesgue measure. Then which of the
following are true?
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32.

33.

34.

35.

36.

37.

(A) If A is closed then m(A) >0

(B) If A is open then m(A) = m(A)

(C) If m(int(A)) = m(A) then A is measurable

(D) If m(int(A)) = m(A) then A need not be measurable

Define an equivalence relation in [1,2] by z ~ y if x —y € Q. Let N contain one
element from each class.

A) N is uncountable

B) [1,2] \ N is uncountable

C) m«(N)=0

D) E C N measurable implies m,(E) =0

(
(
(
(

Let f: R — R. Which are necessarily true?

(A) If f is measurable, then ¢ o f is measurable for any continuous ¢
(B) If f? is measurable, then f is measurable
(C) If f is differentiable, then f’ is measurable

)

(D) If g is measurable and f = g ae, then f is measurable

Let {f.} be real valued functions on [0,1] converging pointwise to a continuous
function f.

(A) Lm0 [y fol@)de = [ f(x
(B)0<fn<f=>hmn%offn I
(C) |f ()|§1/\/_:>hmn—>00ffn:ff
(D) [f

D) |fu(z)| €1 = limyooo [ fo = [, f for measurable K
Let {fu}. {gn}, f. g € L'(R") with f, — f, g, — g ae.

A) [(fatgn) = [(f+9)

B) [ful < Sl lgnl <19l = [(fo +90) = [(f +9)
C) Il <lgl = [fua=[Ff

D) [fol <lgal and [fu = [f = [ogn— [9

Let f,(z) = e on [1,00). Which are true?

(
(
(
(

) [ fa(@)dz — 0
B) sup,, |[fulli < oo
)
)

fn converges in L'[1,00)

fn does not converge in L? for any 1 < p < oo

Let m(E,) — 0 and f > 0 be measurable.

(A) fEnf—> 0
(B) If E,41 C E, then fEn f—=0
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(C) If f is bounded, then fEn f—=0
(D) If f is integrable and Ey,1 C E,, then [, f—0
38. Let f, f,: (X, F,u) — R be measurable.
(A) 0< f, — funiformly = lim [ f, = [ f
(B) u(X) <oo,|fu] <1 = lim [go f, = [go [ for continuous g
(C) u(X)<oo,|ful <1, fn—fae = lim [ f,=[f
D) futf = lm[fo=[Ff

39. Let {f.} be measurable and converge uniformly to f on R.
(A) lim [7 fo= [7 f
(B) lim [ fo= [ f
(C) tim [} fu = [} f
(D) lim [ f = [, [ for compact K
40. Let A € L(R™). Which are correct?

(A) A e L(R") for all § >0
(B) A+ 2 € L(R™) for all z € R"

41. Let f: R — Rs.t. f~'({a}) is a Lebesgue set Va € R.

(A) f is Lebesgue measurable always
(B) f is Borel measurable always
(C) f:(R,2%) — R is measurable

42. Let f, :[0,1] — R be Riemann integrable and f,, — f pointwise.
(A) f is Riemann integrable

(B) fis Riemann integrable and lim [ f, = [ f
(C) f is Lebesgue measurable

43. Continuous f,, — continuous f pointwise on R.

(A) T fy fo = Jo f
(B) 0<fusf = lm [} fu=[f
(C) lful e = lim [Z fo= [ f
D) [fol €1 = lim [[7 fu= [ f
44. Let fn, gn, f, 9 € LY(R*) with f, — f, g, — g pointwise ae.

(A) [fo—[fand [g,— [g
©) [l <9l = [fu—= [ f
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45.

46.

47.

48.

49.

50.

o1.

52.

(D) |fn|§|gn| andffnﬁff - fgn%fg
fu(z) = e ™" on [1,00).

(A) J7 o= 0
(B) sup||fall1 < o0
(C) fn—01in L'[1,00)
(D) f, doesn’t converge in LP for any p

Which are correct?

(A) xg is measurable iff F is a Lebesgue set
(B) xg is Borel measurable iff E is a Borel set

Integrability properties:

(A) f Riemann integrable, g = f except at finite points = g is R-integrable
(B) f continuous, g = f except on countable set = g is R-integrable

(C) f continuous, g = f except on countable set =—> ¢ is L-integrable

Which are o-finite?

(A) Counting measure on ([0, 1], 2*:1)
(B) Counting measure on ([0, 1], B[0, 1])
(C) pu(A) = #(ANQ) on Borel sets
(D) u(A) =#(ANZ) on Borel sets

Positive linear functionals on C. or C[0,1]?

(A) T(f) =22 f(1/n) on C[0, 1]
(B) T(f) =22 f(n) on Ce(R)
(C) T(f) =22 f(1/n) on C(0, 0)

On X =R\ {0}, which are positive linear functionals on C.(X)?

(A) T(f) = 22 f (k) + 22 f(=1/k)
(B) T(f) =22 f(=k) + 22 (k)
(C) T(f) = 2 f(k+1/k)

Lebesgue measure zero sets?

A)
B)
C)
D) k-dim subspace of R" (k < n)

Any countable subset of R
Cantor set
Irrationals in Cantor set

(
(
(
(

Invertible linear map 7" on R™:

DMS KU - AVP
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(A) E Lebesgue = T(E) Lebesgue
(B) E Borel = T(E) Borel

53. Invariance properties:

(A) Outer measure m* is translation invariant
(B) Lebesgue measure m is translation invariant

(C) Borel measure p with finite compact values is a multiple of Lebesgue
54. Borel measure p where (A +n) = u(A)Vn € Z:

(A) p is zero measure
(B) w is constant multiple of Lebesgue

(C) Counting measure satisfies this
55. Linear A : R" — R™

(A) A singular = A(F) is Lebesgue for all £ C R"
(B) A invertible = A(F) is Lebesgue for all £ C R"
(C) A invertible = A(F) is Lebesgue for all Lebesgue £

56. Positive measurable f on R™:

(A) fE+ggO f= fEf
B) [ fla+a)=[f
(C) [ f(Az) = [ f for any linear A

57. Open/Closed sets in [0, 1]:
(A) Dense open O — m(0) =1

(B) Open O = m(0) >0
(C) Closed F' with no interior = m(F) =0

58. Measure zero in R??

(A) C xR (C is Cantor)
(B) QxR

(C) Countable union of lines through origin
59. Positive Lebesgue measure?

(A) Any unbounded set in R?
(B) Any unbounded closed set

(C) (R\Q) xR
60. Cantor set:

(A) Closed
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(B) Perfect
(C) Complement in [0, 1] has measure 1
(D) Uncountable

61. LP Space inclusions/products:

(A) f,ge L' = fgelL'
(B) f,ge L? = fge L?
(C) fel'NL® = felL?

62. LP” Comparisons:

(A) L'0,1] c L?[0,1]
(B) L'[0,00) C L?[0,00)
(C) L*0,1] c L[0,1]
(D) L?[0,00) C L0, 00)

63. Let f = X[O,l/?] .

(A) f is continuous ae
(B) f can be approximated by continuous functions in L* norm

(C) f = g ae for some continuous g
64. Radial function integrability:

A) )
B) Xpuj<ilz|® € L'(R") iff a < —n
) Xjez1lz|* € LNR™) iff a > —n
) Xzp>1l2z]* € LNR") iff a < —n

X|z|<1]®]® € LY(R") iff a > —n

Q

(
(
(
(

o

65. More radial functions:
(A) Xja<1|z|*(1 = lz|)b e LY iff a > —n,b > —1
(B) Xjz<1]z]*(1 = |z])> € L' iff a > —n,b > 0
(C) Xjzz1]2|*(1 = |z)P € L' iff a < —n,b > —1
66. f,(r) =a"on [0,1]:
(A) fn — 0 uniformly
(B) f, —0in L!
(C) fu—=0in LP for 1 <p < o0
67. fu.(z)=2"" on [1,00):
(A) f. — 0 uniformly
(B) fn = 0in L!
(C) fu—0in LP for 1 <p < o0

10
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68. f.(z) =27 on [2,00):
(A) fn. — 0 uniformly
(B) fn—0in L*
(C) fn=>0in LP for 1 <p < o0

69. LP Norm properties:
(A) p<r<s = LPNL°CL’

(B) pu(X) <oo,r<p = LPCL"
(C) w(X) <oo,feL* = |flp = Ifll

70. Positive measurable f, g with fg > a > 0:
(A) pX)=1 = (JN(Jg) za
B) wX) <1l = (JNH[9) za

71. Measurable f : R — R:
(A) fe L' = fisbounded
(B) f € L' and continuous = f bounded
(C) f € L' and continuous = limy,|e0 f(z) =0
(D) f e L' and uniformly continuous = f bounded

72. Product sigma algebras:
(A) B(R) x B(R) = B(R?)
(B) L(R) x L(R) = L(R?)

73. Rectangles and sections:

(A) o-algebra of rational rectangles is B(R")
(B) o-algebra of rational rectangles is £(R")
(C) Ee L(R?) = E, € L(R)

74. Lebesgue measurable f : R? — R:

(A) f. is Lebesgue measurable Vx
(B) f Borel = f, Borel

75. Product measure m x p (p counts rationals in [0, 1]). Let D be diagonal:
(A) (mx p)(D)
(B) (m x p)(D)
(C) (m x p)(D)

76. Product measure p X p (p counts rationals). Let D be diagonal in [0, 1]:

(A) (ux u)(D) =0

0
00
1

11
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(B) (1 x p)(D) = o0
(C) (wx p)(D) =1
77. f(x,y)=1if z =y on [0,1] x [0, 1]:
(A) [y flz,y)dm(z) =0
(B) Jy f(z y)du(y) =1
(C) Iterated integrals are same
(

D) p not o-finite = iterated integrals not same
78. Subgraph A(f) ={(z,y) : 0 <y < f(x)}:
(A) A(f) € B(RQ)
(B) m(A(f)) = [ f(z)dx
79. Graph G(f) = {(z, f(z))}:
(A) G(f)
(B) m(G(f)) =0
(C) m(G(f)) = oo
80. Distribution function Fy(t) = p{f > t}:

is Borel

(A) Fy is non-increasing

B) [ fdu= [ Fs(t)dt
81. Complete measure spaces:

(A) (R2,B(R2),m)

(B) (R2 L x L,m)

(C) (R 27ﬁ( ?),ms)

(A

(B
83. f(x) = |z|* for |z] < 1:

82. ¢

A

) g not integrable on [0, b]

) g integrable and fo g= fo
(A) [f<ooifa>-n

B) [f<xifa<—-n

(C) [f<oxifa>0

84. f(z) = |z|* for |z| > 1:

(A) [f<ooifa>-—n
(B) [f<xifa<—n
(C) [f<oxifa>0

12



Topics in Analysis Notes

DMS KU - AVP

85. f(z) = (1 —|z|*)* for |z|] < 1:
(A) [f<ooifa>-—n
B) [f<ooifa> -1
C) [f<ooifa>0

86. F(z) = f“l g(y)dy where g € L

(A) Fell
(B) F'is bounded
(C) limm_}m F(x) =0

87. F(x)=> 7. . f(x+k)on]0,1]

(A) FeL'0,1]

(B) FeL' = f=0ae

(C) F is finite ae

(A) fr — [ ae

(B) Subsequence fi, — f ae
)

(C) fr — f in measure
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